We analyze heat and charge transport through a single-level quantum dot weakly tunnel coupled to two BCS superconductors at different temperatures. In order to describe the system theoretically, we extend a real-time diagrammatic technique that allows us to capture the interplay between superconducting correlations, strong Coulomb interactions and nonequilibrium physics. We find that a thermoelectric effect can arise due to the superconducting proximity effect on the dot. In the nonlinear regime, the thermoelectric current can also flow at the particle-hole symmetric point due to a level renormalization caused by virtual tunneling between the dot and the leads. The heat current through the quantum dot is sensitive to the superconducting phase difference. In the nonlinear regime, the system can act as a thermal diode.
I. INTRODUCTION
Understanding, manipulating and managing heat flows at the nanoscale is of crucial importance for modern electronics where Joule heating constitutes a major nuisance in the operation of computer chips. Heat transport can occur via electrons [1] , phonons [2] and photons [3, 4] . A promising direction to achieve control over thermal transport by electrons is phase-coherent caloritronics [5, 6] in superconducting circuits. Phase-coherent caloritronics is based on the observation that not only the charge current depends on the phase difference across the junction via the Josephson effect [7] but that also the heat current is sensitive to the phase difference [8] [9] [10] [11] [12] [13] [14] . The phasedependent contribution to the heat current arises from interference processes between the transport of quasiparticles above the superconducting gap and Cooper pairs inside the gap [10] .
Recently, phase-coherent heat transport in superconducting circuits has been observed experimentally [15] . The possibility to control heat currents via magnetic fields has led to a number of proposals for phase-coherent caloritronic devices such as heat interferometers [16, 17] and diffractors [18, 19] , thermal rectifiers [20] [21] [22] [23] , transistors [24, 25] , switches [26] and circulators [27] , thermometers [28, 29] as well as heat engines [30] [31] [32] and refrigerators [33, 34] . Experimentally, heat interferometers [15, 35, 36] , the quantum diffraction of heat [37] , thermal diodes [38] and a thermal router [39] have been realized so far. Apart from potential applications in caloritronic and thermal logic [40] , phase-coherent heat transport can also serve as a diagnostic tool that allows one, e.g., to probe the existence of topological Andreev bound states [41] .
So far, the theoretical and experimental investigation of phase-coherent heat transport has been restricted to systems such as tunnel barriers and point contacts where the effects of electron-electron interactions can be neglected. While such setups already offer a lot of interesting physics, this raises the question of how Coulomb interactions can affect phase-dependent heat currents. In this paper, we address this important question by analyzing phase-coherent heat and charge transport through a thermally biased hybrid structure consisting of a strongly interacting single-level quantum dot tunnel coupled to superconducting electrodes, cf. Fig. 1 .
Superconductor-quantum dot hybrids have received a lot of attention, see Ref. [42] and [43] for recent reviews on experiments and theory, respectively. In particular, there are investigations of the Josephson effect through quantum dots [44] [45] [46] [47] [48] , multiple Andreev reflections [49] [50] [51] [52] [53] [54] , the interplay between superconducting correlations and the Kondo effect [55] [56] [57] [58] [59] [60] , the generation of unconventional superconducting correlations in quantum dots [61] [62] [63] [64] , Cooper pair splitting [65] [66] [67] [68] [69] [70] and the generation of Majorana fermions [71] [72] [73] [74] . Here, we use a superconductor-quantum dot hybrid as a playground to investigate the interplay between superconductivity, strong Coulomb interactions and thermal nonequilibrium. Compared to tunnel junctions, quantum dots offer additional tunability of their level position by gate voltages. We extend a real-time diagrammatic approach [75] [76] [77] [78] [79] [80] to describe thermally-driven transport which allows us to treat Coulomb interactions exactly and to perform a systematic expansion in the tunnel coupling between the dot and the superconducting leads. It allows for a treatment of superconducting correlations induced on the arXiv:1809.09428v1 [cond-mat.mes-hall] 25 Sep 2018 dot via the proximity effect and captures renormalization effects due to virtual tunneling which affect transport already in lowest order of perturbation theory. We evaluate charge and heat currents both in linear and nonlinear response. In particular, we find a thermoelectric effect in the vicinity of the particle-hole symmetric point which arises from the proximity effect. Furthermore, our device can act as an efficient thermal diode in nonlinear response.
The paper is organized as follows. In Sec. II, we introduce the model of our setup. The real-time diagrammatic transport theory used to investigate transport is introduced in Sec. III. We present the results of our analysis in Sec. IV A for the linear and in Sec. IV B for the nonlinear transport regime. Conclusions are drawn in Sec. V.
II. MODEL
We consider a single-level quantum dot weakly tunnel coupled to two conventional superconducting electrodes. Both superconductors are kept at the same chemical potential µ = 0 but at different temperatures T L and T R resulting in a nonequilibrium situation. The system is described by the total Hamiltonian
where η denotes the left (L) and right (R) superconductor. The superconducting leads are characterized by the mean-field BCS Hamiltonian
where a † ηkσ (a ηkσ ) denotes the creation (annihilation) operator of an electron with momentum k, spin σ and kinetic energy ε ηk in lead η. The second term on the righthand side of Eq.(2) describes the BCS pair interaction on a mean-field level. The two superconducting order parameters are characterized by their absolute value ∆ η and their phase φ η . The temperature dependence of ∆ η is determined by the solution of the self-consistency equation for the order parameter which can be found only numerically. However, it can be approximated with an accuracy of better than 2% by
in the whole temperature range from 0 to the critical temperature T c,η . The latter is connected to the superconducting order parameter at zero temperature via T c,η ≈ 0.568∆ 0,η . The single-level quantum dot is described by the Hamiltonian
While the first term describes the energy of the dot level ε that can be tuned by applying a gate voltage, the second term denotes the Coulomb interaction that has to be supplied in order to occupy the dot with two electrons at the same time. We remark that the dot spectrum is particlehole symmetric at ε = −U/2. For later convenience, we introduce the detuning δ = 2ε + U from the particle-hole symmetric point. The tunneling Hamiltonian which couples the dot to the superconducting leads is given by
Here, t η denotes a tunnel matrix element which we assume to be energy and momentum independent. It is connected to the tunnel coupling strength Γ η = 2π|t η | 2 ρ η where ρ η denotes the density of states of lead η in the normal state.
III. REAL-TIME DIAGRAMMATIC TRANSPORT THEORY
In order to describe transport through the quantumdot setup, we make use of a real-time diagrammatic technique [75] [76] [77] [78] for systems with superconducting leads with a finite gap [79, 80] . It allows us to treat nonequilibrium physics, superconducting correlations and strong Coulomb interactions exactly while performing a systematic expansion in the dot-lead couplings. In the following, we are going to extend this diagrammatic framework to allow for the calculation of thermally-driven charge and heat currents through quantum dot-superconductor hybrids on equal footing.
The central idea of the diagrammatic approach is to integrate out the noninteracting leads and to describe the remaining quantum dot system by its reduced density matrix. The reduced density matrix ρ red has matrix elements P χ1 χ2 = χ 1 |ρ red |χ 2 . For the system under investigation, the nonvanishing density matrix elements are given by the probability to find the quantum dot empty, P 0 , occupied with a single electron with spin σ, P σ , or doubly occupied, P d . Furthermore, the coupling to the superconductors gives rise to finite off-diagonal density matrix elements P d 0 and P 0 d that describe the coherent superposition of the dot being empty and occupied with two electrons. The generation of these coherent superpositions is a hallmark of the superconducting proximity effect on the quantum dot.
The time evolution of the reduced density matrix is given by the generalized master equation which in the stationary limit reads (6) where E χ is the energy of the many-body dot state χ. The first term describes the coherent evolution of the dot states. The second term arises due to the dissipative coupling to the superconductors. The generalized transition rates W χ1χ 1 χ2χ 2 are obtained from irreducible selfenergy diagrams of the dot propagator on the Keldysh contour [79, 80] . By expanding both the density matrix elements as well as the generalized transition rates up to first order in the tunnel couplings, we find that the coherent superpositions P 0 d and P d 0 are finite to lowest order in Γ η only if the empty and doubly occupied dot state are nearly degenerate, δ Γ η [81] . For this reason, we are going to restrict ourselves to the analysis of transport in the vicinity of the particle-hole symmetric point in the following.
The generalized master equation can be brought into a physically intuitive form by introducing the probabilities to find the dot occupied with an even and odd number of electrons,
as well as a pseudospin degree of freedom that characterizes the coherences between empty and doubly occupied dot and, thus, the superconducting proximity effect on the quantum dot
The generalized master equation can be decomposed into one set of equations that arises from the time evolution of the dot occupations and another set due to the pseudospin. The former is given by
where
with the Fermi function f η (ω) = [exp(ω/(k B T η )) + 1] −1 . n η = (cos φ η , sin φ η , 0) denotes a unit vector whose direction is determined by the phase of the superconducting order parameters. Interestingly, in Eq. (11) the dot occupations are coupled to the pseudospin degree of freedom. This is in direct analogy to the case of a quantum dot weakly coupled to ferromagnetic electrodes where the dot occupations are linked to the spin accumulation in the dot [82, 83] . The second set of equations is given by a Bloch-type equation for the pseudospin,
The first term,
describes the accumulation of pseudospin on the dot due to tunneling in and out of electrons. The second term characterizes the relaxation of the pseudospin due to electron tunneling on a time scale given by τ
Finally, the last term gives rise to a precession of the pseudospin in an effective exchange field,
which arises from virtual charge fluctuations on the dot as well as from a detuning away from the particle-hole symmetric point. The exchange field contribution from the two leads is given by
where the prime indicates the principal value. The integral can be solved analytically as an infinite sum over Matsubara frequencies, see the Appendix for details. The interplay of pseudospin accumulation, pseudospin relaxation and pseudospin precession in the exchange field leads to a nontrivial pseudospin dynamics on the dot which acts back on the dot occupations via Eq. (11). It is this nontrivial pseudospin behavior that gives rise to interesting transport properties of the system under investigation. The charge on the quantum dot is related to the z component of the pseudospin via Q dot = e(1 − 2I z ). This allows us to connect the time evolution of I z directly to the charge current flowing between the dot and lead η via
We remark that the real-time diagrammatic approach conserves charge currents automatically. Therefore, we define I e = I e L = −I e R in the following. In analogy to the charge, we can relate the average dot energy to the probability to find the dot with an odd occupation, E dot = −U P o /2, to derive for the heat current between the dot and lead η
We remark that in the absence of any bias voltage there is no Joule heating and, hence, heat and energy currents are equal to each other. This implies that heat currents are conserved such that we can define
In this section, we are going to analyze the charge and heat currents flowing through the system in response to an applied temperature bias. We will first focus on the linear-response regime and then turn to a discussion of nonlinear transport.
A. Linear response
For the sake of concreteness, we consider on a symmetric quantum-dot setup. To this end, we define the temperatures of superconducting leads as T η = T + ∆T η with the reference temperature T and the temperature bias ∆T L = −∆T R ≡ ∆T /2. The tunnel couplings are chosen equal, Γ L = Γ R ≡ Γ/2. Furthermore, we assume that the two superconducting order parameters have the same absolute value, ∆ L (T ) = ∆ R (T ) = ∆, and set their phases as
To zeroth order in ∆T , i.e., in thermal equilibrium the occupation probabilities of the dot are given by Boltzman factors P (0) χ ∝ e −Eχ/kBT . At the same time, the pseudospin accumulation on the dot vanishes exactly. In consequence, there is no charge and heat current flowing through the system. We remark that within our perturbation theory to first order in the tunnel coupling, a phase difference φ across the dot does not give rise to a finite Josephson current as the latter requires higher-order tunnel processes for the coherent transfer of Cooper pairs through the dot.
A finite temperature bias ∆T generates a finite pseudospin accumulation on the dot. To first order in ∆T the accumulation is along the direction n L − n R , i.e., a finite pseudospin component I
(1) y is generated due to nonequilibrium tunneling of electrons. The magnitude of the pseudospin accumulation is limited by the pseudospin relaxation term −I/τ rel . In addition, the effective exchange field B gives rise to a precession of the accumulated pseudospin and leads to finite pseudospin components I z . According to Eq. (18), the pseudospin accumulation leads to a finite charge current given by
Here, we introduced the expansions
as well as the angle β = arctan(I written as
The thermoelectric charge current Eq. (20) arises in the vicinity of the particle-hole symmetric point. It relies crucially on the superconducting proximity effect and the resulting pseudospin accumulation on the dot because the Fermi functions in the generalized transition rates W χ1χ 1 χ2χ 2 are evaluated at the particle-hole symmetric point δ = 0 and, therefore, do not lead to any thermoelectric effect. It is, thus, the pseudospin accumulation that introduces a nontrivial δ dependence into the master equation via the effective exchange field B. In consequence, the thermoelectric current vanishes for ∆ → 0, i.e., in the absence of superconductivity in the leads. In Fig. 2 (a) , the charge current is shown as a function of the phase difference φ. At zero phase difference, the charge current vanishes independently of the detuning δ because there is no pseudospin accumulation on the quantum dot. In contrast, at φ = π the charge current becomes maximal due to the strong pseudospin accumulation on the dot. Figure 2 (b) shows the charge current as a function of the detuning δ. For δ = 0 the charge current vanishes due to particle-hole symmetry. The maximum current is exponentially suppressed in U/k B T due to the requirement of thermally excited quasiparticles. At the same time, it is not enhanced by the divergence of the superconducting density of states close to the gap. For large detunings, the strong exchange field along the z direction averages out the pseudospin accumulation along the x and y direction. As a consequence, the charge current tends to zero.
The heat current driven by a finite temperature bias ∆T is given by
It consists of two contributions. The first one is independent of the phase difference φ and depends only on the tunnel coupling Γ, the Coulomb interaction U and the superconducting order parameter ∆. In contrast, the second contributions is sensitive to the phase difference φ and, thus, gives rise to a phase-coherent flow of heat which arises from the superconducting proximity effect on the dot. In consequence, it vanishes in the limit ∆ → 0. Interestingly, the phase-dependent part of the heat current is proportional to I (1) y , i.e., it provides in principle direct information about the pseudospin accumulation on the dot. We remark that just like the charge current the heat current is also exponentially suppressed in U/k B T . At the same time, however, it is enhanced by the increased superconducting density of states close to the gap. Hence, for the system heat currents in units of ΓU/ tend to be much larger than charge currents in units of eΓ/ .
The phase dependence of the heat current is shown in Fig. 3(a) . At φ = 0, the heat current is maximal and takes the value I h = −U Z + 1 ∆T /(2T ). The minimal heat current occurs at φ = π since X 0 − is negative while the pseudospin accumulation I
(1) y is positive. This φ dependence of the thermal conductance differs from that of a tunneling Josephson junction which exhibits a maximum of the thermal conductance at φ = π [8, 9] . It rather resembles the phase-dependent thermal conductance of a transparent or topological Josephson junction which also has a minimum at φ = π [13, 14, 41] . The ratio between the minimal and maximal heat current is given by 1 − 4∆ 2 /U 2 , i.e., it can be maximized by tuning the superconducting gap via the average temperature to be close to the Coulomb energy U . At the same time, this is also the regime where the relative modulation of the heat current becomes largest. The δ dependence of the heat current is depicted in Fig. 3(b) . The largest modulation of the heat current occurs for δ = 0. In this case, the exchange field component along the z axis vanishes which would otherwise reduce I 
B. Nonlinear response
We now turn to a discussion of transport in the nonlinear regime where a large temperature bias is applied across the system. The resulting charge current is shown as a function of phase difference and detuning in Fig. 4 . Interestingly, for a phase difference φ = 0, π, there is a finite charge current at the particle-hole symmetric point δ = 0. The finite thermoelectric effect is enabled by the a level renormalization due to virtual tunneling between dot and leads which manifests itself as the exchange field B in the master equation for the pseudospin and effectively breaks particle-hole symmetry for δ = 0. Hence, similarly to charge transport in quantum-dot spin valves [82] [83] [84] , thermoelectric effects in superconductorquantum dot hybrids constitute an important case where interaction-induced renormalization effects have a drastic impact on transport properties. Using Eq. (18) the condition for a vanishing current can be cast into the compact form
where ϕ denotes the δ-dependent angle between the pseudospin and the x axis. It illustrates the interplay between spin relaxation and precession that influences the nonlinear charge current in a nontrivial way and is indicated by the red line in Fig. 4 . The nonlinear heat current behaves qualitatively similar to the linear-response case, i.e., it exhibits a minimum at phase difference φ = π and detuning δ = 0. We remark that the amplitude of the heat current oscillation is reduced in the nonlinear regime because the heat current at φ = π increases stronger with the temperature bias than the heat current at φ = 0.
In the nonlinear regime, an asymmetric quantum-dot setup with Γ L = Γ R can act as a thermal diode where the heat currents in the forward and backward direction are different. To discuss this effect in more detail, we introduce the asymmetry of tunnel couplings as a = (Γ L −Γ R )/(Γ L +Γ R ). The heat current in the forward direction is given by I h (a) while in the backward direction it is given by I h (−a). This definition is equivalent to denoting the forward (backward) direction as the one for which T L > T R (T L < T R ) at fixed tunnel couplings as long as ∆ 0,L = ∆ 0,R . Figure 5 shows the nonlinear heat current as a function of the asymmetry parameter a. For negative values of a, the heat current increases with a while for positive values of a it has a pronounced maximum. This nontrivial dependence on a is most pronounced when the Coulomb energy is slightly larger than the superconducting gap. Since the heat current is not an even function of a, the system can rectify heat with a large heat current in the forward direction and a small heat current in the backward direction. For the chosen parameters we find that rectification efficiencies I h (a)/I h (−a) ≈ 50 can be achieved at the maximum forward heat current.
In order to understand the mechanism behind the thermal rectification, let us first consider the case of a singlelevel quantum dot coupled to two normal metal electrodes. At the particle-hole symmetric point, the heat current depends on the tunnel couplings via Γ L Γ R /(Γ L + Γ R ). Hence, the heat current is an even function of the asymmetry a, I
h (+a) = I h (−a), such that thermal rectification does not occur.
For the superconducting system, the dependence of the heat current on the tunnel barriers is modified by the BCS density of states and is given by
Hence, due to the temperature dependence of the superconducting gap the heat current exhibits a nontrivial dependence on the asymmetry a which forms the basis of the heat rectification mechanism. In addition, the coherent pseudospin dynamics of the dot can enhance the thermal diode effect for a finite phase difference φ. As can be seen in Fig. 5 it can increase the rectification efficiency by nearly a factor of 4 if the tunnel coupling asymmetry is adjusted to maximize the heat current in the forward direction. We remark that the enhancement of the rectification efficiency comes at the price of a slightly reduced heat current in the forward direction compared to the case φ = 0.
V. CONCLUSIONS
We have analyzed thermally-driven transport through a superconductor-quantum dot hybrid in the sequential tunneling regime. We find that in linear response a finite thermoelectric effect can be generated close to the particle-hole symmetric point due to the superconducting proximity effect on the dot. In addition, there is a phase-dependent heat current through the quantum dot which in linear response is sensitive to the pseudospin accumulation in the dot, i.e., it provides direct access to information about the proximity effect on the dot. In nonlinear response, an interaction-induced level renormalization due to virtual tunneling gives rise to a finite thermoelectric response at the particle-hole symmetric point. Furthermore, the system can act as a thermal diode which is based on the temperature-dependence of the superconducting gap as well as the superconducting proximity effect.
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Appendix: Exchange field integral
The integral appearing in the expression for the exchange field (17) can be solved analytically by performing the substitution ω sign ω = ∆ cosh α. Subsequently, the residue theorem can be applied to the rectangle with corner points (−R, R, R + 2πi, −R + 2πi) and taking the limit R → ∞. While the contribution from the vertical edges vanishes, the top and bottom edge yield identical contributions. This allows us to express the exchange field integral as the infinite sum
For our numerical results, we have evaluated the sum by taking into account the first 10.000 summands.
